We consider a set of gauge invariant terms in higher order effective Lagrangians of the strongly interacting scalar of the electroweak theory. The terms are introduced in the framework of the hidden gauge symmetry formalism. The usual gauge term is known to stabilize the skyrmion but only in the large vector mass limit. We find that adding higher-order gauge terms is insufficient to insure stability. We then proceed to analyze other gauge invariant interaction terms. Some of the conclusions also apply to QCD skyrmions.
I. INTRODUCTION
Although there has been an enormous amount of theoretical work on the scalar sector of the electroweak theory [1] , it remains the part of the Standard Model which is the worst known and this situation will most probably prevail until we reach accelerator energies that cover scales well over the electroweak symmetry breaking scale. The minimal description proposed in the Standard Model relies on spontaneous symmetry breaking but even in this scheme two possibilities arise: either there is a scalar particle with mass below 1 TeV (otherwise unitarity is violated in 2 −→ 2 scattering) or the Higgs sector becomes strongly interacting. In the limiting case where the mass of the Higgs tends to infinity, the scalar sector (Goldstone particles) becomes equivalent to the gauged non-linear σ-model [2] . The analogy with low-energy hadron physics suggests the addition of Skyrme-like [3] terms to an effective Lagrangian which in turn could induce new states, the so-called weak skyrmions. Weak skyrmions are not exclusive to the spontaneous symmetry breaking mechanism. Indeed, the analogy between QCD and Technicolor is even more intuitive; in this case the weak skyrmions could be identified to technibaryons [4] .
The stabilizing term suggested by Skyrme is added in the context of an effective theory of scalar fields. (The scalar fields describe pions in QCD and Goldstone bosons in the Weinberg-Salam theory). Several approaches have been proposed to stabilize the soliton. The most obvious approach, taken by Skyrme, is to add just the higher order term in the derivatives of the fields which is needed for stability. On the other hand, one could consider a very general effective Lagrangian similar to that proposed by Gipson and Tze [5] some time ago and look at the stability properties of the static solution. Most of the work in that direction is limited to order O(∂ 4 ) terms since it becomes increasingly difficult to keep track of all possible terms as the number of derivatives increases. Both of these approaches involve a certain degree of arbitrariness and lack an underlying principle that would justify the choice of terms. The hidden gauge symmetry (HGS) formulation proposed by Bando et al. [6] is more elegant in that respect. A new gauge symmetry is introduced. The symmetry is spontaneously broken giving a mass to the new vector field and it turns out that in the limit where this mass goes to infinity, the gauge field contribution is equivalent to a stabilizing Skyrme term [7] . The stabilization is effective however only in that limit [8] .
Our purpose in this paper is to examine the stability properties of generalized Lagrangian based on the HGS formalism. We will first consider higher order gauge terms. We will require that these terms be gauge invariant in order to retain the spontaneous nature of the gauge symmetry breaking. They will be generally constructed out of covariant derivatives. The motivations behind these new objects are the following: (a) The terms can be viewed as new higher-order gauge terms of some sort and/or as counterterms when they are dynamically generated. [6] (b) As mentioned above, the terms are not responsible for symmetry breaking. (c) Some combinations of gauge terms (e.g. polynomials of F µν 's) are especially interesting to many respect. (d) The large vector mass limit leads to an effective scalar Lagrangian with a Skyrme term. These new terms will contribute to higher orders in the derivative of the scalar fields. Previous works [9, 10] have shown that skyrmions exist for certain classes of all-orders effective Lagrangian. (e) The HGS does not stabilize the soliton in general but that there is a distinct possibility that the new gauge terms will help. The second part of our analysis will consider higher-order gauge-invariant interaction terms.
We begin by a description of a strongly-interacting scalar sector of the Weinberg-Salam theory and of the hidden gauge symmetry formulation. In section 3, the stability of the weak skyrmion is analyzed with respect to the HGS. We proceed to prove that the higher-order gauge terms are not sufficient to stabilize the soliton using arguments similar to that of Ezawa and Yanagida [8] . Section 4 is devoted to other higher-order gauge-invariant terms, the interaction terms, and contains final remarks.
II. THE SCALAR SECTOR AND HIDDEN GAUGE SYMMETRY
The scalar fields of the Standard Model can be written in the form a 2 × 2 matrix Φ(x):
In this notation, the Lagrangian of the scalar sector becomes
where v ∼ 250 GeV is the vacuum expectation value (VEV)of the scalar field , λ is related to v through λ = 
This symmetry is in turn spontaneously broken to a diagonal subgroup H = SU(2) V since the scalar field acquire a non-vanishing VEV, Φ(x) = v. In this case, it is easy to separate the Higgs degree of freedom from the remaining scalar fields (Goldstone bosons) by rewriting them in terms of a real scalar field η(x) and a matrix U(x) ∈ SU(2) respectively such that Φ(x) = η(x)U(x). In the absence of gauge interactions, L Φ becomes:
A large Higgs mass corresponds to a strong coupling λ and in the limit λ → ∞, η must be set to the value of the VEV, η = v, for consistency. The Higgs field decouples leaving only Goldstone bosons which take values in the quotient space G/H and the Lagrangian reduces to that of the non-linear σ-model
with f = v. Both the global symmetry group SU(2) L ⊗ SU(2) R (chiral symmetry) and the relation of the scalar sector of the theory to the non-linear σ-model suggest that the low-energy effective Lagrangian approach used in the pion sector of strong interactions can be applied here as well. The Skyrme Lagrangian is particularly interesting in that respect since it would induce weak skyrmions constructed as soliton configurations of Goldstone bosons fields.
In order to introduce a Skyrme-like effective Lagrangian for the scalar sector of the electroweak theory, we use the formulation of local hidden gauge symmetry of the nonlinear σ-model [6, 7] .The procedure introduce a Yang-Mills field V µ and the scalar sector is represented by the group G ⊗ SU(2) V where SU(2) V is the gauge group. The scalar sector can then be conveniently described by two 2 × 2 unitary matrices L(x) ∈ SU(2) L and R(x) ∈ SU(2) R with the transformation properties
where h i ∈ SU(2) i . The most general Lagrangian for L(x) and R(x) up to order two in derivative of the fields is
When the SU(2) L ⊗ U(1) Y electroweak interactions and the new SU(2) V gauge interactions are included, the most general scalar Lagrangian containing only two derivatives reads:
with
and
where g, g ′ and g V are the respective electroweak and hidden symmetry couplings, f ∼ 250 GeV and a is a positive real number. In L S the gauge fields V µ are not dynamical.
Using the equation of motion for
leads to the gauged non-linear σ-model:
when U = LR † . Note that for the U fields
which means that U has no SU(2) V interactions even though both L(x) and R(x) are interacting with the gauge fields V µ ,i.e. the gauge symmetry is hidden. The gauge bosons become dynamical when we add their kinetic term to the Lagrangian. They can be interpreted either as new fundamental gauge bosons or as dynamically generated ones in which case the kinetic term is introduced as a counterterm with respect to radiative corrections (e.g. the ρ-meson in QCD, techni-ρ in Technicolor,...). It has the usual form
where g X and F X µν stand for the coupling and field strength of each gauge field
Focusing on the effect of the hidden symmetry contribution, we take the limit g V ≫ g, g ′ (g, g ′ → 0) and neglect contributions of the gauge bosons W and Y from hereon. The vector bosons V then receives its mass from the same mechanism as the standard gauge bosons; in this case we get m
III. STABILITY OF THE SOLITON AND HIGHER ORDER GAUGE TERMS
There are no stable solitonic solution for the gauged non-linear σ-model (eq. (9)). Furthermore, Ezawa and Yanagida [8] have shown that the hidden gauge symmetry does not stabilize the soliton in general. On the other hand, it is interesting to note that the total Lagrangian L tot becomes equivalent to the Skyrme Lagrangian in the limit m V → ∞, g, g ′ → 0 where it induces stable skyrmions. In the more general case where m V is finite, the solutions correspond at best to saddle points which are unstable configurations. Other types of solitonic solutions we may look for are local minima (classically stable soliton) or global minima (absolutely stable soliton). Let us first examine how these conclusions are obtained.
The equation of motion for the hidden gauge field V µ in (11) is (g, g ′ → 0)
with D V α = ∂ α + V α . We can use this equation to perform an expansion in terms of derivatives of the fields [11] , then
where L µ = U † ∂ µ U. The first and second terms in L S are the non-linear σ-model Lagrangian and the Skyrme term respectively. Therefore, up to four derivatives the hidden symmetry approach leads to the Skyrme Lagrangian
This result which also corresponds to the large m V limit gives a stable soliton because of the right sign of the Skyrme term. Another interesting fact, which is characteristic in this approach, is that the strength of g V determines the magnitude of the physical parameters of the weak skyrmion (size, mass, ...) for m V → ∞. It also corresponds to a vector field solution of
However, it is easy to see that higher-order contributions in the derivative expansion are necessary and determinant for the stability of the skyrmion since they regulate the small distance behavior. The mass (or static energy) of the soliton scales as
when r is scaled according to r → rR −1 where, c n is the coefficient corresponding to the term with n derivatives. The existence of a global minimum at a finite r (r = 0, ∞) in the mass indicates the presence of a stable classical soliton. The large R behavior of the mass is dominated by the first term and since c 2 is positive the size of the soliton must remain finite. Clearly, in the Skyrme Lagrangian (up to order four in derivatives), there exists a stable weak skyrmion because c 4 turns out to be positive and the series stops at this order. However for L tot , the small distance behavior (large momentum) is dominated by the remaining terms of the series which are generated by the third term in (13) . There is absolute stability if there exist a global minimum for M tot (R) and if it occurs at a non vanishing skyrmion size R.
For the purpose of showing that the Lagrangian L tot does not induce stable solitons, we introduce the usual hedgehog ansatz for the chiral field U:
and the most general spherically symmetric parameterization for the vector field:
where τ n are the Pauli matrices, F (r), G(r), H(r) and K(r) are functions of r, δ T mn = δ mn − r m r n and r is the unit vector. Both expressions (17) and (18) are invariant under the combined rotations of spin and isospin. Substituting the last expression in (16) leads to the static energy of the system
where we use the dimensionless variable ρ = m V r (recall that m
. M V is the contribution of the gauge field kinetic term L V and M − and M + correspond to the first and second term of the expression (6) for L S . By comparison, the Skyrme Lagrangian involves no gauge field and the static energy is given by
The static energy in (19) shows a discrete symmetry under the transformation (F, G, H, K) → (F, G, −H, −K) and clearly the static solution will be parity conserving only for H(r) = K(r) = 0 otherwise it will break parity spontaneously. The N = 1 topological soliton that we are interested in corresponds to the boundary conditions F (0) = π, G(0) = 2, H(0) = K(0) = 0, and
However, if we consider a more specific solution
where θ is a constant parameter, the static energies reduce to
For θ = π/2, the vector field becomes identical to the monopole ansatz
but decreasing θ from π/2 to 0 continously eliminates smoothly the higher order terms in M tot with the final result
The global minimum in the static energy (mass of the soliton) is found at soliton size R = 0. In other words, a static solution for a gauge field of the form (18) will decay (e.g. sphaleron) and in the absence of any restraining term, the soliton will shrink to zero size and disappear. One may wonder how does this relates to the result obtained for large m V limit ( i.e. stable skyrmions)? When m V → ∞, the vector field hardly propagates and it is forced into the static configuration (15) which has the monopole form (21). Note that the configuration in (20) does minimize M tot only for θ = 0 or π/2. Indeed, minimizing M tot with respect to K leads to the equation of motion
instead of K = 0 in (20). Otherwise the conclusion remains intact. Consider now a higher-order gauge Lagrangian L V . We will be interested in contributions to L V which can be expressed as polynomials of
These terms are a natural generalization of the gauge field kinetic term which can be used to build an effective Lagrangian. They are, of course, manifestly gauge invariant. Our interest here lies mainly in the fact that in the limit m V → ∞, the field strength tends to
Consequently, they also have the same SU(2) and Lorentz structure as the objects analyzed in refs. [9] and [12] .
Let us recall some of these results. For the hedgehog static solution one can write
where α, β and γ are
The commutator takes the general form
The calculations in ref. [12] led to a number of properties of trace such as those in (22). First, all traces are found to be polynomials of the following combinations, a − = (α 2 + γ 2 ) and b − = β 2 . They can be written as
where (f µν ) n is a generic form for any combination of n f µν 's, [k] is the integer part of k and κ 0 /κ 1 is found to be 3/n. For example,
Furthermore, one can construct a special class [9] of such combinations which is at most linear in b − (or of degree two in derivatives of F ). These Lagrangians give a very simple form Tr (f µν ) n = const · a n−1
and lead to a chiral angle equation which is tractable since it is of degree two, despite the fact that the former involve 2n derivatives terms. It also turns out that for this class of Lagrangians const = 0 for n odd ≥ 5. Let us now transpose these results to an arbitrary operator ζ µ and the commutator ζ µν ≡ [ζ µ , ζ ν ] and consider a Lagrangian from the commutators
It is easy to see that any SU(2) commutator with the same Lorentz structure as (24) may be written as:
with α i ≡ α i (r) and for practical purposes here we set ζ 0 = 0. It is then easy to show that (25) and (26) apply to the ζ µν commutators by substituting f µν → ζ µν and
In general, a Lagrangian constructed from all orders of ζ µν leads to a static energy which can be written as:
where according to (26), κ n,0 /κ n,1 = 3/n. The special class of combinations which is at most linear in b ζ gives an even simpler form since κ n,m = 0 for m > 1:
where χ(x) = ∞ n=1 κ n x n and χ ′ (x) = dχ(x)/dx. Note that for M to be positive, it is sufficient to impose the conditions κ n,m ≥ 0 and (b ζ − a ζ ) ≥ 0.
Let us now consider the higher-order gauge terms of (22). The field strength in those expressions have the same commutator structure as in (28) and indeed one finds that
We can then use the above results for the gauge field case by substituting
2 and
In general, an all-order Lagrangian L V constructed from all powers of F V µν leads to a static energy which can be written:
or, according to (30), the special class of Lagrangians which leaves the degree of the chiral angle equation equal to two:
It is interesting to note that, even away from the limit m V → ∞, M V is only quadratic in the derivatives and this leads to equations with an overall degree of two. Some examples of stable solitons were given in ref. [10] ; they correspond to the limit m V → ∞ of (34). We would like to address here the question of absolute stability and the presence of a non trivial global minimum in the static energy. In other words, are the gauge field terms introduced in (22) sufficient to stabilize the soliton? We use the same argument as above to prove that this is not the case. Consider the gauge field configuration in (20). The functions a V and b V become
The static energy
coming from the gauge terms, falls monotonously as θ goes from π/2 to 0. Therefore, all gauge terms contributions vanish for θ = 0 leaving no stabilizing terms in M tot . Given a soliton configuration, it will tend to shrink to zero size and vanish. For this kind of generalized Lagrangian, there remains a possibility to find other solutions which lead to the same contribution to the static energy M V = 0. This, of course, depends on the specific Lagrangian (more precisely the set of parameters κ n,m ) but in general, it would lead to non-trivial contributions from G, H and K in M + in (19). Unfortunately, it is easy to see that the same conclusions regarding the stability apply for this case as well. We note that even for arbitrary functions G, H and K, the quantities a V and b V are independent of the derivatives of K. Indeed, recalling for example the results of (32) and (34), we find that when we consider only the static energy M V , it is minimized for
This solution coincides with the field configuration in (20) only in the limits θ = 0, π/2 but these are just the relevant limits we are interested in. In any case, rewriting a V and b V with the above substitution leads to
where
The consequence of this last relation is that it is possible to minimize the static energy for the gauge term with respect to the function J alone independently of the specific choice for H or G. One could chose H = 0 (or G = 1) without loss of generality in which case K = 0 and J = G − 1 (or J = H). This symmetry is however explicitly broken by the Lagrangian L S as can be seen from M + in (19).
IV. OTHER GAUGE INVARIANT TERMS
Since the gauge terms of the HGS Lagrangian is insufficient to guarantee stability, it is also customary to add some sort of stabilizing Skyrme-like term to L tot , preferably a "gauge invariant" Skyrme term of the form [8, 13] : L GSkyrme = the electroweak theory are interesting since they do affect a number of observables. The low-energy theorems however remain unaffected by the addition of higher order terms since they generally rely on the lowest order terms [14] .
This research was supported by the Natural Science and Engineering Research Council of Canada and by the Fonds pour la Formation de Chercheurs et l'Aideà la Recherche du Québec.
